Abstract. We show that there is a simple separable unital (non-nuclear but exact) tracially AF algebra A which does not absorb the Jiang-Su algebra Z tensorially, i.e. A ≇ A ⊗ Z.
Introduction
Recall that ( [18] , [17] ) a unital simple separable C*-algebra A is said to be tracially AF (TAF) if for any finite set F ⊆ A, any ε > 0, and any a ∈ A + \ {0}, there is a (non-zero) finite dimensional C*-subalgebra F ⊆ A such that with p = 1 F , (1) f p − pf < ε, for all f ∈ F , (2) pf p ∈ ε F , for all f ∈ F , (3) 1 − p is Muarry-von Neumann equivalent to a projection in aAa.
TAF algebras are relatively well behaved. They always have real rank zero, stable rank one, strict comparison of positive elements, tracially Z-absorbing ( [16] ), etc.
With additional assumptions of nuclearity and the UCT, the class of TAF algebras is classified by the Elliott invariant ( [19] ) and is equal to the class of simple unital AH algebras with real rank zero and slow dimension growth ( [8] ). (By the recent classification results ( [9] , [13] ), any simple unital ASH algebra with real rank zero is TAF.) In particular, this class of tracially AF algebras absorb the Jiang-Su algebra Z tensorially, i.e., A ∼ = A ⊗ Z.
But even without assuming the UCT, Matui and Sato showed that any simple unital nuclear TAF algebra is indeed Z-absorbing ( [21] ). In this note, we show that there is a non-nuclear TAF algebra A such that A ≇ A ⊗ Z. Since any tracially AF algebra is tracially Z-absorbing (see Definition 2.1 of [16] ), this also gives an example of a tracially Z-absorbing C*-algebra which is not Z-sabsorbing, in contrast to the nuclear case (See Theorem 4.1 of [16] ). Among many other things, tracial Z-absorbing is also studied in [11] .
Recall ( [12] ) that a C*-algebra has Property Γ if there is a central sequence of unitaries which vanish under all traces. It is a C*-algebra analog of Property Γ of a von Neumann factor of type II 1 . The reduced group C*-algebra over F 2 , the free group on two generators, does not have Property Γ. In [12] , Gong, Jiang and Su showed that all Z-absorbing C*-algebras have Property Γ, therefore the reduced group C*-algebra over F 2 is not Z-absorbing.
In this note, a modified version of Property Γ is considered: instead of arbitrary traces, one considers a fixed state; and it is shown that for any unital Z-absorbing C*-algebra and any given state, there exists a central sequence consisting of unitaries which are arbitrarily small under the given state (Corollary 2.14). On the other hand, there is a TAF algebra constructed by 1 * red (G), and it is denoted by τ throughout this paper. For g ∈ G, we use u g for the associated standard unitary in C * red (G). We will frequently write g for u g when there is no confusion. It is a standard fact that the map sending a ∈ C * red (G) to the functionã : G → C,ã(g) = τ (au g −1 ) is one-to-one, and the functionã is in ℓ 2 (G). We will identify C * red (G) as a subspace of ℓ 2 (G). For an element a ∈ C * red (G), we will simply write a(g) for τ (au g −1 ). We define a 2 := (τ (aa * ))
The class of C*-algebras we shall consider in this paper is constructed in [5] . We briefly describe the construction for the reader's convenience. Let D be a separable unital residually finite-dimensional (abbreviated RFD) C*-algebra. Denote by π 1 , π 2 , . . . a sequence of finite dimensional representations of D which separates points, and denote by n 1 , n 2 , ..., the dimension of π 1 , π 2 , ..., respectively. Let A be the direct limit of M k i (D), where k 1 = 1 and
Then A is a simple unital separable TAF algebra. (See, for instance, Proposition 3.7.8 and Theorem 3.7.9 of [20] or Example 4.16 of [10] .) As a TAF algebra, A has many regularity properties: real rank zero, stable rank one, strict order on projections is determined by traces, and any state on the ordered K 0 -group arises from a trace ( [10] ), etc. If A is nuclear, then A is Z-absorbing, by Theorem 5.4 of [21] . However, this is no longer true without the nuclearity assumption. The following is the main result of this paper.
Theorem 2.1. Let G be a discrete group which is not inner amenable, and let D be a separable unital RFD C*-algebra such that C * red (G) is a quotient of D. Let A be the TAF algebra constructed from D as described above. Then A is not Z-absorbing, i.e., A ≇ A ⊗ Z.
Let G be a countable discrete group which is not inner amenable. Then, there always exists a (separable unital) RFD C*-algebra D which has C Example 2.3. Let G be a countable discrete group which is not inner amenable, and also assume that C * Definition 2.4. Let A be a unital C*-algebra and let S be a collection of states on A. We say that A has Property Γ with respect to S if there is a central sequence (u i ) of unitaries in A such that |ρ(u i )| → 0 as i → ∞ for any ρ ∈ S. If S consists of a single state ρ, we say that A has Property Γ with respect to ρ.
For the C*-algebra A constructed in Theorem 2.1, we shall show that there is a state ρ of A such that A does not have Property Γ with respect to ρ. Let us start with a simple observation.
Lemma 2.5. Let D be a unital C*-algebra and let m, n be positive integers. Recall that the norm on M m,n (D) is defined by the formula v = vv
Proof. Let p = diag(1, 0) and q = diag(0, 1 n ). Identify a with a 0 0 0 and similarly for b, c, d.
(This is justified since the identification does not change the norm.) Then a = pup, b = puq, c = qup, and d = quq.
The lemma follows.
For any natural number n and any b in M 1,n (C * red (G)), we shall use b i to denote the i-th
Lemma 2.6. Let G be a discrete group, and let g ∈ G. Let n ∈ N and let
Assume that b red ≤ 1. Also assume that there are ε > 0 and a matrix π(g) ∈ M n (C) with norm at most 1 such that
Consider the functionb
Proof. Using the polar decomposition, we can find unitary matrices u, w ∈ M n (C) and
This together with the fact that u, w are unitary matrices gives
Since b red ≤ 1, we have that b 2 ≤ 1. Hence buw 2 ≤ 1 and
Note that for each a ∈ M 1,n (C * red (G)) and γ ∈ G, a(γ) is a vector in C n and a(γ) 2 is the vector norm. Applying the triangle inequality, we have
, and
. Using triangle inequality in the second step, (2.4) and (2.5) in the fourth step and (2.3) in the last step, we have
Since u, w are unitaries, for each γ ∈ G, we get
and
Lemma 2.7. Let G be a countable discrete group which is not amenable. For any ε > 0, there is δ > 0 and a finite set
Proof. Let (K n ) be a increasing sequence of finite subsets of G whose union is G. If the statement is not true, there will be ε 0 > 0 such that for any n ∈ N, there is ξ n ∈ ℓ 2 (G) with
Then the sequence { ξ n −1 2 ξ n : n = 1, 2, ...} forms an almost invariant vector for the left regular representation of G, which would imply that G is amenable, a contradiction.
The following is a consequence of Lemma 2.6 and Lemma 2.7.
Corollary 2.8. Let G be a countable discrete non-amenable group. For any ε > 0, there is δ > 0 and a finite set K ⊆ G such that for any n ∈ N, any b = (b 1 , b 2 , ..., b n ) with b i ∈ C * red (G), if b red ≤ 1 and for any g ∈ K there is a matrix π(g) ∈ M n (C) with norm at most 1 such that
Proof. Let δ 0 > 0 and K ⊆ G be the constant and finite set obtained by Lemma 2.7 with respect to ε. Pick δ > 0 such that δ + √ 2δ ≤ δ 0 . Set
It follows from Lemma 2.6 that, if
By the choice of δ 0 and K, we have
Recall that a mean on a countable discrete group G is a positive linear functional m on ℓ ∞ (G) with m(1) = 1. Let e be the neutral element of G. It is easy to check that the map d e : ℓ ∞ (G) → C defined by d e (f ) = f (e), for f ∈ ℓ ∞ (G) is always a mean, which is called the trivial mean. If ξ is a function on G and g is an elment in G, we define gξg −1 to be the function
Definition 2.9. (See [7] .) A countable discrete group G is said to be inner amenable if there is a nontrivial inner invariant mean m, in the sense that
The following lemma is surely well known. A proof is included for the reader's convenience.
Lemma 2.10. Let G be a countable discrete group which is not inner amenable. Let 1 e be the identity of C[G]. For any ε > 0, there are δ > 0 and a finite set K ⊆ G such that if ξ ∈ C * red (G) satisfies
Proof. Assume that the statement is false. Choose an increasing sequence of finite subsets (K n ) whose union is G. Then there is some ε 0 > 0 such that for any n ∈ N, there is ξ n ∈ C * red (G) satisfing
. Then ξ n 2 = 1,ξ n (e) = 0 and for any g ∈ G,
By the main theorem of [7] , this would imply that G is inner amenable, which contradicts the assumption.
Corollary 2.11. For any ε > 0, there are δ > 0 and a finite set K ⊆ G such that for any element
with a ∈ C * red (G) satisfying u red ≤ 1, and if, for each g ∈ K, there is a matrix π(g) ∈ M n (C) with norm at most 1 such that
Proof. Applying Corollary 2.8 and and Lemma 2.10 to ε, one obtains (δ 1 , K 1 ) and (δ 2 , K 2 ) respectively. Set δ = min{δ 1 , δ 2 } and
) satisfy the assumption for this choice of δ and K. It follows from (2.8) and Lemma 2.5 that for any g ∈ K, ga − ag red < δ, (2.9) gb − bπ(g) red < δ, (2.10)
Applying Lemma 2.10 to (2.9), one obtains a − τ (a)1 e 2 < ε.
For the estimates on b and c, since u red ≤ 1, by Lemma 2.5, one has b red ≤ 1 and c red ≤ 1. With the choice of δ and K, by (2.10) and (2.11), it follows from Corollary 2.8 that
as desired.
Recall that in Theorem 2.1, the C*-algebra A is constructed as the direct limit of M k i (D) with the connecting maps a → diag(a, π(a)),
This induces an embedding of D into A. We shall identify D as a subalgebra of A via this embedding.
Proposition 2.12. Let G be a countable discrete group which is not inner amenable, and let D be a separable unital RFD algebra such that C * red (G) is a quotient of D. Let A be the C*-algebra constructed from D and let ρ be the state described as above. For any g ∈ G, pick an elementg of D with norm 1 which lifts u g , and regardg as an element of A via the embedding induced by the maps (2.12). Then, for any ε > 0, there are δ > 0 and a finite set K ⊆ G such that if u ∈ A is a unitary satisfying
In particular, A does not have Property Γ with respect to ρ.
Proof. Let ε > 0 be arbitrary. Choose ε 0 > 0 small enough so that 1 − ε 0 − 2ε 2 0 − ε 0 > 1 − ε. Let δ 0 > 0 and K ⊆ G be the constant and finite subset obtained by Corollary 2.11 with ε 0 in place of ε there. Set
Let u be a unitary in A satisfying ug −gu < δ, ∀g ∈ K. By the construction of A, there is n ∈ N and
with a ∈ D, v = 1, and v − u < δ.
Note thatg is identified with
for g ∈ K, by the choice of δ 0 and K, it follows from Corollary 2.11 that
and u is a unitary, one has
Hence by (2.13),
. On the other hand, write a = λ1 D + a 0 with λ = τ (θ(a)) and a 0 = a − τ (θ(a))1 D . Then
Applying the quotient map θ and the trace τ on both sides, by (2.14), we have 
2.3. Z-absorbing C*-algebras have the Property Γ. Let us show that if a C*-algebra is Z-absorbing, then it has Property Γ (in the sense of Definition 2.4) with respect to any given state (Corollary 2.14). Proposition 2.13. Let p, q ∈ N be prime numbers and let Z p,q be the dimension drop algebra. Let ρ be a state on Z p,q . Then, for any ε > 0, there is a unitary u ∈ Z p,q such that |ρ(u)| < ε.
Proof. Recall that for a pair of natural numbers p, q which are relatively prime, the dimension drop algebra Z p,q is defined as
We claim that the enveloping Borel *-algebra of Z p,q is isomorphic to
Indeed, denote by B the enveloping Borel *-algebra of Z p,q . Since B p,q is a monotonic sequential closure of Z p,q , by Theorem 4.5.9 of [22] , there is a surjective homomorphism from B to B p,q . Suppose there is an element a ∈ B which is sent to 0 under this map. Then a must be 0 under all the irreducible representation of Z p,q , and hence a must be 0 by Corollary 4.5.13 of [22] . Therefore, the surjection from B to B p,q is an isomorphism. Let ρ be a state of Z p,q . Then ρ can be extended to a normal state of B p,q , which is still denoted by ρ. Identify the center of B p,q with L ∞ ([0, 1] ). The restriction of ρ to the center of B p,q is then induced by a probability Borel measure µ on [0, 1], that is,
Let tr denote the tracial state of M pq (C). Define a (normal) trace of B p,q by
We claim that ρ ≪ φ. Indeed, if f ∈ B p,q is a positive element such that φ(f ) = 0; then, with E = {x : f (x) = 0}, one has that µ(E) = 0. Set
It is clear that f ≤f and ρ(f ) = 0; hence ρ(f ) = 0. By the Radon-Nikodym Theorem (see, for instance, Theorem 5.3.11 of [22] ), there is a positive (not necessary bounded) operator h on H φ which is affiliated to π φ (B p,q ) such that
where (H φ , π φ ) is the GNS representation of B p,q induced by φ. For each t ∈ R, define a real function f t by f t (x) = min{x, t}, and set h t = f t (h). Note that h t ∈ π φ (B p,q ). Since ρ(1) = 1,
Thus, for the given ε, there is a sufficiently large t such that for any element a ∈ B p,q with a ≤ 1,
Regarding h t as an element of B p,q (by picking a preimage), there ish ∈ (B p,q ) + satisfying (2.18)
andh is a simple function; i.e., there are disjoint Borel sets E 1 , E 2 , ..., E n ⊆ [0, 1] with
. We require the unitaries u i to have the same property. Define a unitary u ′ ∈ B p,q by
is a unitary with all diagonal elements being zero, (2.17) , and (2.18), one has
Consider the GNS representation (π ρ , H ρ ) of Z p,q . By Corollary 4.5.10 of [22] , the homomorphism π ρ extends to a normal surjective homomorphism π
′′ . By the Kaplansky Density Theorem, there is a unitary v ∈ π ρ (Z p,q ) such that
Note that any unitary in the quotient π ρ (Z p,q ) can be lifted to a unitary of Z p,q , and therefore, there is a unitary u ∈ Z p,q such that π ρ (u) = v. By (2.20), we have |ρ
, and hence by (2.19) , |ρ(u)| < ε, as desired.
Corollary 2.14. Let A be a unital C*-algebra such that A ∼ = A ⊗ Z, and let ρ be a state of A. Then, for any finite set F ⊆ A and any ε > 0, there is a unitary u ∈ A such that ua − au < ε, ∀a ∈ F , and |ρ(u)| < ε.
Proof. Since A is Z-absorbing, for any given ε > 0 and any finite set F ⊆ A, there is a unital embedding ι : Z p,q → A such that aι(c) − ι(c)a < ε, for a ∈ F and c ∈ Z p,q satisfying c = 1.
Consider the composition ρ • ι, which is a state on Z p,q . By Proposition 2.13, there is a unitary u ∈ Z p,q satisfying |(ρ • ι)(u)| < ε. Then ι(u) is the desired unitary.
Proof of Theorem 2.1. Assume that the TAF algebra A is Z-absorbing. By Corollary 2.14, there is a central sequence consisting of unitaries (u n ) in A with ρ(u n ) → 0. But this contradicts Proposition 2.12 which asserts that |ρ(u n )| → 1.
Appendix A. by Caleb Eckhardt
In this appendix we point out how to construct exact RFD C*-algebras D that satisfy the conditions of Proposition 2.12 and therefore obtain exact, simple separable tracially AF C*-algebras that are not Z-absorbing by Theorem 2.1.
It is a well-known corollary of homotopy invariance of quasidiagonality ( [25] ) that any exact C*-algebra is the quotient of an RFD, exact C*-algebra. (See Corollary 5.3 of [1] , for example.) Therefore one immediately obtains the following Proposition A.1. Let Γ be a countable, discrete, exact non-inner-amenable group. Then there is an exact, unital separable RFD C*-algebra D that quotients onto C * red (Γ) and subsequently produces an exact, simple separable tracially AF C*-algebra that is not Z-absorbing by Theorem 2.1.
The point then of this appendix is to point out that in the case of free groups F d , a minor variant of the above construction produces an exact RFD C*-algebra D that factors the natural quotient map C
) satisfies the hypothesis of Theorem 2.1 and the resulting C*-algebra A is exact. Furthermore this provides an example of an "exotic" group C*-algebra with good approximation properties. Many examples of exotic group C*-algebras have poor approximation properties-the standard free group examples are neither quasidiagonal nor exact ( [23] ). Proposition A.2. Let d ≥ 2 and let F d be the free group on d generators. Then there is an exact, RFD C*-algebra D such that the standard quotient map
Proof. Choi showed in [3] that C * red (F d ) embeds into the (nuclear) Cuntz algebra O 2 and is therefore exact. Let C be the unitization of C 0 (0, 1] ⊗ C * red (F d ) and let A = M 2 (C). By standard facts about exact C*-algebras, A is an exact C*-algebra (see [2] for example). By homotopy invariance of quasidiagonality ( [25] ) it follows that A is also quasidiagonal.
By a result of Halmos (see [2, Corollary 7.5.2] for the statement used below) there is a Hilbert space H, a sequence of orthogonal finite rank projections p n ∈ B(H) whose sum increases strongly to the identity, and a C*-algebra B ⊆ B(H) that commutes with each p n and fits into a split exact sequence 
Since each V i is unitary, we obtain the natural factorization C
